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ABSTRACT

In this paper the fractional differential equation for the mass-spring-damper system in
terms of the fractional time derivatives of the Caputo type is considered. In order to be
consistent with the physical equation, a new parameter is introduced. This parameter char-
acterizes the existence of fractional components in the system. A relation between the
fractional order time derivative and the new parameter is found. Different particular cases
are analyzed.

RESUMEN

En este trabajo se presenta la ecuacion diferencial fraccionaria del sistema masa-resorte-
amortiguador en terminos de la derivada fraccionaria de tipo Caputo. Con la finalidad de
ser consistentes con la ecuacion fisica, se introduce un nuevo parametro. Este parametro
caracteriza la existencia de componentes fraccionarias en el sistema. Se encuentra la relacion
entre el orden de la derivada fraccionaria y el nuevo parametro. Diferentes casos particulares
son analizados.

INTRODUCTION

Fractional calculus (FC), involving derivatives and integrals of non-integer
order, is the natural generalization of the classical calculus [1-4]. Many
physical phenomena have “intrinsic" fractional order description and, so,
FC is necessary in order to explain them. In many applications, FC provides
more accurate models of the physical systems than ordinary calculus do.
Since its success in description of anomalous diffusion [5], non-integer or-
der calculus, both in one and multidimensional space, has become an im-
portant tool in many areas of Physics, Mechanics, Chemistry, Engineering,
Finances and Bioengineering [6-9]. Fundamental physical considerations
in favor of the use of models based on derivatives of non-integer order are
given in [10-12]. Fractional derivatives provide an excellent instrument for
the description of memory and hereditary properties of various materials
and processes. This is the main advantage of FC, in comparison with the
classical integer-order models -in which such effects are in fact neglected.

In [13] are discussed the fractional oscillator equation involving frac-
tional time derivatives of the Riemann-Liouville type [14], considered the
linearly damped oscillator equation with the damping term generalized to a
Caputo fractional derivative. A solution is found analytically and a compari-
son with the ordinary linearly damped oscillator is made. Despite introduc-
ing the fractional time derivatives, the cases mentioned above seem to be
justified; there is no clear understanding of the basic reason for fractional
derivation in physics. Therefore, it is interesting to analyze a simple physi-
cal system and try to understand their fully behavior given by the fractional
differential equation.
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The present work is interested in the study of a
simple mechanical system consisting of a mass, a
damped coefficient and a spring in the framework of
the fractional derivative. The position to follow: in or-
der to change the time derivative operator d/dt by a
fractional operator d’/dt’ (y represents the order of the
derivative), it is necessary to introduce an additional
parameter ¢, which must have dimension of seconds
(in the case of the time derivative) to be consistent
with the dimension of the ordinary derivative. The o
parameter characterizes the presence of fractional
time components in the system.

METHODS

An oscillating system, in general, is a mechanical sys-
tem consisting of three kinds of elements: a mass (m)
measured in kg, a damped coefficient f measured in
Ns/m and a spring constant k measured in N/m. The
change with respect to time of the movement x(t) is
described by the second order homogeneous differen-
tial equation
2
d x2(t) n ﬂdx(t)
dt
In a real oscillating system, the damped coefficient
p is different from zero and the free mechanical os-
cillations become extinct due to the Joule effect. To
compensate for the damping mechanical oscillations,
a source v(t) should be include in the system. There-
fore, the differential equation that governs the behav-
ior of the system (mass-spring-damper) with source
has the form

dzx(t) dx(t)
dt?
The term kx(t) is very important because lack of it

in equations (1) and (2) imply that it has no oscillating
system. For the equations (1) and (2), it will be consid-
ered the following special cases:

+ kex(t) = (1)

+ B—— + kx(t) = v(t). (2)

In the absence of the damped coefficient in the sys-
tem, i.e. =0, it is had from (1) and (2)

2
A7) | ety = (3)
dt>
and
e x(t) + Rx(t) = vlt). )

In the case when m = O, i.e. in the absence of mass

in the system, they are had from equations (1) and (2)
dx(t

&0 (t)

ar T Fx(t) = (5)
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and
dx(t)
dt

The solutions of the equations (1) and (2) are
well known.

B— =+ kx(t) = v(t). (6)

It is important to note that fractional differential
equations corresponding to oscillating systems have
been studied before, replacing the integer time deriv-
ative by fractional one on a purely mathematical or
heuristics basis [14].

The idea is to write the equations (1) and (2) in
terms of a fractional time derivative operator. It is pro-
posed to change the ordinary time derivative operator
by fractional one, in the following way
a — i, 0<~v<1, (7)
dt 4t
where y is an arbitrary parameter representing the
order of the fractional time derivative operator, and
in the case y = 1 becomes ordinary time derivative op-
erator. Since the time derivative operator has dimen-
sions of inverse seconds s, then from (7) it is seen
that the expression

da’

at’l s’

it is not a time derivative operator in the usual sense,
because its dimensionality is s7. In order to be con-
sistent with time dimensionality, it is introduced the
parameter ¢ in the following way

1 a 1
—| ==, 0<y<1 9
o= dtY ! ©)

S
such that, when y = 1, the expression (9) becomes or-
dinary derivative operator d/dt . This dimensionality
equation is satisfied, only if the parameter ¢ has di-
mension of seconds, [o] = s. Therefore, it is possible
to always change ordinary time derivative operator by
the fractional one in the following general form

d 1 a
< “
dat Sl qrr’

_ 1 (8)

(10)

n—-1<vy<n,

where n is integer. These two expressions represent
time derivatives, as the dimensions are inverse sec-
onds s’!. The parameter ¢'7 can be called a fractional
time parameter representing the fractional time com-
ponents in the system; its dimensionality is s'7. This
non-local time is called in the literature the cosmic
time [15]. Another physical and geometrical interpre-
tation of the fractional operators is given in [16].
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Hopefully, that fractional time derivative operator
defined in (10) will be very useful in the construction
of fractional differential equations for the physical and
engineering problem.

On the other hand, Caputo's fractional derivative
of a function f(t) is defined as an integral transform of
ordinary derivative to fractional one [4]:

A A0)
L(n—y)Jo (it —pp—ntt

6D f(t) = (11)
where C indicates Caputo derivative, evaluated in O
and order y , n=1,2,...e Nand n-1<y<n ltis
considered the case n = 1, i.e. in the integrand there
is only first derivative. In this case O < y < 1 is the in-
terval of the fractional derivative.

For example, in the case f(t) = t*, where k is arbi-
trary number and O < y < 1, it is had the following ex-
pression for the fractional derivative operation (which
will be useful later for solving the wave equation with

fractional time derivative {D} = d’/dt?):
C vk — k]._‘(k) k—y
D/t" = ———M—t 0 <1
0t T(k+1—7) SRR (12)

where I'(k) and I'(k + 1- y) are the Gamma functions. If
y = 1, the expression (12) yields to ordinary derivative

dt” -
S Djtk = o ktk-1, (13)
RESULTS

Now, it is possible to write the ordinary differential
equations (1-6) in the fractional form. Using the ex-
pression (10), the fractional differential equations cor-
responding to equations (1) and (2) are given by

m  d¥x(t) B dx(t) ,
=0, 0<y<1,(14
200 g2 g g ) 7= b4
and
m  d¥xt) B d'x(t)
+ +kx(t)=v(t), 0<~ <1, (15
200 427 g gy (t) = v(t) v <1, (19)

from these equations can be deduced the particular
cases, when f=0

m  d*x(t)

i) g =0 0<y<1, (16)

azglfw d:;(t) +hat) =v(t), 0<y <1, (17)

and m=0

Ulﬁﬂ, d;;(,t) +kx(t)= 0 0<y<1, (18)
L kg = v, 0<y <1, (19)
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From the equation (16), it is identified

ko2(1-7)

W2 = 2,2(1-7)

= woa

(20)

m
as the fractional angular frequency, where w2 = k/m is
the fundamental frequency of the non-fractional sys-
tem (i.e, when y = 1).

On the other hand, from equation (14), when k=0,
it is defined the fractional relaxation time as
_m_

Bt~

This fractional relaxation time arises in the experi-
mental studies of the complex systems [12]. When y =
1 from this expression, it is had the well known relax-
ation time t = m/p.

Ty =

(21)

Solutions of the equations (14) and (15) may be
obtained using the Laplace transform. Solutions of
the homogeneous fractional differential equations (16)
and (18) will be found in terms of the Mittag-Leffler
function [17].

Then, using definition (11), the homogeneous solu-
tion of the equation (16) is given by

2(1-7)
xh(t)=on27,{—7U m thW}, (22)
where
201~ ka (o2 e )
£27
E2v{ E : F(27n+1) ’ (23)

is the Mittag-Leffler function and x(0) = x,.

First case: y = 1, the expression (23) becomes hy-
perbolic cosine

_ko1 (_£2)= (@ )_
Ep{—-42} = ch||—-2t2|= ch Tt
Then in this case, it is had periodic function given by
Xn(t) =

with angular frequency, wo = +k/m. The expression
(25) is the well known solution of the integer differen-
tial equation (3).

os(%). (24)

XoCos (wot), (25)

Second case: y = 1/2, from (22), it is given

o (t) = Lok m 26
X (t) xOEl{ - t} Xpe . (26)
Note that the parameter y -which characterizes the
fractional order time derivative- can be related to
the o parameter -which characterizes the existence,
in the system, of fractional excitations [18]-[19]. For
example, for the system described by the fractional
equation (16), it is possible to write the relation
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g m
= s O<o < ,|—.
T ym/k 7=\%

Then, the magnitude d = 1 - y characterizes the ex-
istence of fractional structures in the system. It is easy
to see that when y = 1, then ¢ = ym/k = wg and there-
fore § = 0, that means that in the system there are not
fractal structure. However, in the case 0 < v < {m/k,
o grows and tends to unity, because in the system are
increasingly fractal excitations. Taking account the
expression (27), the solution (22) of the equation (16)
can be rewritten through y, as follows

(27)

- 1- /
)= 508z [ 28)
1
~/=1
08 ¥=0,96 / v=0,25 ]
061 ¥=0,92
04} 0.9
v=0,8
o 0.2f \4
;\ v=0,7
& of
=
-0,2
-0,4
-0,6
-0,8
_1 1 L L 1
0 5 10 / 15 20 25
Figure 1. Mass-Spring System, y =1, =096,y =092,y =08, y=0,75, y = 0,50
andy=0,25.

Figure 1, shows the solution of (28) for different
values of y.

Respect to the figure 1, the displacement of the
fractional oscillator is essentially described by the
Mittag-Leffler function for the considered initial con-
ditions. The function is

By b

It is showed by numerical calculations that the dis-
placement of the fractional oscillator varies as a func-
tion of time and how this time variation depends on
the parameter y. Also, it is proved that, if y is less than
1, the displacement shows the behavior of a damped
harmonic oscillator. As a result, in consistent with the
case of simple harmonic oscillator, the total energy
of simple fractional oscillator will not be a constant.
The damping of fractional oscillator is intrinsic to the
equation of motion, and not introduced by additional
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forces as in the case of a damped harmonic oscillator.
A simple fractional oscillator behaves like a damped
harmonic oscillator.

Solution of the equation (18) is given by

l—"/k \n
%,(t) = X%E {,Ulfykﬂ} =% 9 M 29)
i Rt NG 0}: Thn+1)
n=0
which in the case y = 1, reduces to
kt
B (30)

Xo(t) = Xpe ",
which is the well known solution of the integer differ-
ential equation (5). In this case the relation between y
and o is given by
ok k
=7 O<o S T
7B 5
The solution (29) of the fractional equation (18),
taking account the relation (31), may be written as

x(t) = onq,{—w(l’V)(%)W} .

(31)

(32)

Figure 2. Damper-Spring System, y=1,7 =096,y =092,y =08,y =0,75,y =050
and y =0,25.

Figure 2, shows the solution of (32) for different
values of y.

The equations (17) and (19) are fractional linear
non-homogeneous differential equations, then, the
general solution is given by the sum of the homoge-
neous (16) and (18) solutions and particular solutions.
These solutions may be obtained applying direct and
inverse Laplace transform. As result, the solution for
the fractional non homogenous equation (17) is given by
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xy(t)=ongy{—vH(ﬁ)%} (33)

e

where it has been used the expression (27).

ik

Taking account the expression (31), the solution of
the fractional non homogeneous equation (19) has
the form

% (t) = chEA,{_yl—v (%)}

+ f ;(T)EW (A= ar.

It easy to see that, in the case y = 1, the solution
(34), becomes

(34)

t Bt-7)
%1 (t) = xge P+ ﬁ}(r)e k dr=xge”

t
+eiﬂt/kﬁ1(7')eﬂ7—/kd7',

Btk (35)

which represents the general solution of the ordinary
integer equation (6).

Now it is possible to pass to the general solutions
of equations (14) and (15) for a mechanical system
having all mechanical elements; mass m, damped co-
efficient f and spring k. The solution of the equation
(14) has the form

- 50 7 vy
X, (t) = xOEn{ t (36)
B | 20-7)p2y
X EQA/{ m — 472 o t
1 :
0.8 120,25 1
06r =05 i
/ A
04l i
- 20,75 =0,96
= =0,92
= ozt a .
N
=
0 s
-0,2 i
v=0,8
-0,4 i
_0'6 L L 1 I
5 10 15 20 25
!

Figure 3. Solution of (36) for different values of y, y =1, y=0,96, y=0,92, y = 0,8,
y=0,75,7=0,50 and y = 0,25.
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Figure 3, shows the solution of (36) for different
values of y.

From equation (36), it is clear that in the case y =

1, it is had
kB2 t)
\m ~amz

In this case, they are had damping vibrations
due to the presence of the damped coefficient g # O.
The solution (37) is performed in R < 2Vkm and has
two constants of integrations as it should be for sec-
ond ordinary differential equations (1) (f/2m = y is the
coefficient of damping of vibrations). In this case, the
parameter y and ¢ have the following relation

x1(t) = xge 7™ cos (37)

1
125, 0<o< :
(m 4m2) 0= (k/m—[32/4m2)1/2 (38)
Then, the solution takes the form (36)
Y S—— @
2m\/k/m—[3 /4m
<y, {,72(1—7){27},
where
_(k ,32 1/2
i=(&- ;)" (40)

Because of condition f < 2vkm, it is possible to
choose as an example
g

<
om[kjm—3%4m> omyk/m— 3%/ 4m>
Finally, the solution (36) takes the following form

o0 . (41)

EW{_QW(I—’YE‘(} ~ EQH’{_WQ(l—’)’)fQ’Y}‘

x,(t) = (42)

For the case f < 2vkm, the solution of the equation
(14) has the form

~ _ 60'(1_7) }
xﬂ,,(t)—onV{— m t7

(43)
B%  kyj2 (1-+ }
XE,\/{—W—E]/ U( )t’\’ .
In the case when y = 1, it is had
%(t) = xpe~P/2m1+1-4m/ 5%k}t (44)

where x(0) = x, is the movement in the spring in ¢ = 0.
The solution (44) corresponds to the equation (1) and
characterize the change of movement x(t) on the spring
and has aperiodic character.

Taking the following relations

- (B¥4m2—k/mM20, O<o< !

" (B7Am> ke m)!
the solution (43) takes the form

(45)
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v (t) = B (1)
X, (t) = xoE, —\/ﬁ—y ¢ }
2M\3Am2 " m (46)
% Eq/{,v(lfv){v},
where
t = (3%4m>—k/m)/?t. (47)

If the condition f# < 2V km is fullfilled, it is given the
following region range of values

te Qm\/62/4m2— k/m D (48)
it is possible to choose

b =2
omg¥am3—kim (49)
then, the solution (46) can be written as
%, (f) = x0E, {-27/17} x B, {—7 177 (50)

Figure 4, shows the solution of (50) for different
values of y.

Figures 3 and 4 show the complete solution of the
system mass-spring-damper. Figure 3 and 4 show
that the energy is conserved in the oscillator -is con-
servative when y = 1-, while the fractional oscillator
(1/2 <y < 1) show a dissipative nature.

1 T T T

0,9 4
0,8 b
0,711
0,6

05

x;, ()/x,

0,4

03

0 5 10 15 20 25

Figure 4. Solution of (50) for different values of y, y = 1,7 =0,96, 7= 0,92, y = 0,8,
y=0,75,y=0,50and y = 0,25.

CONCLUSSION

Fractional calculus is a very useful tool in describing
the evolution of systems with memory, which typical-
ly are dissipative and to complex systems. In recent
decades, it has attracted interest of researches in sev-
eral areas of science. Specially, in the field of physics
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applications of fractional calculus have gained con-
siderable popularity [20-21]. In spite of these various
applications, there are some important challenges.
For example, physical interpretation for the fractional
derivative is not completely clarified yet [15].

It has been presented a new fractional differen-
tial equation for the oscillating systems. The proposed
equation gives a new universal behavior for the oscillat-
ing systems characterizing the existence of the fractal
structures on the system. It was also found out that
there is a relation between y and ¢ depending on the
system in studies.

In all simulations, the computational time is
around 42,43 s using an Intel Core 2 Duo, 1,8 GHz,
2,99 GB RAM.

With the approach presented here, it will be pos-
sible to have a better study of the transient effects in
the mechanical systems.

The discussion of the solutions (28) and (32), the
general case of the equation (14) with respect to the
parameter y, the classification of fractal systems de-
pending on the magnitude of § and a complete analy-
sis of the solutions (33) and (34) for different value of
will be made in a future paper.

It is hoped that this way of dealing with fractional
differential equations may help to understand the be-
havior of the fractional order systems better.
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